In this study, we conducted a linear stability analysis by using a linear baroclinic model (LBM) derived from a three-dimensional spectral primitive equation model with only gravity modes. According to the stability analysis for a non-zonal basic state subject to an inviscid adiabatic condition, some unstable modes appear in a low-frequency range, and one of these unstable modes has an MJO structure. The MJO mode has a life cycle of ~12.5 days. The dynamical field of the mode has a structure with zonal wavenumber 1 near the equator, and its vertical structure indicates an opposite sign in the upper and lower troposphere. This feature is confirmed by the energy spectra in the zonal, vertical, and meridional directions. It is found from the basic properties of the LBM, that the MJO mode arises from an up-scale energy interaction with the non-zonal basic state.
Introduction
In the tropical atmosphere, Madden-Julian Oscillation (MJO) is the dominant mode of intraseasonal variability Julian 1971, 1972) . It consists of a planetary-scale circulation along the equator and convection at the convergence zone in the lower troposphere. The MJO has some characteristic features that include slow eastward propagation (~5 m s −1 ), regionality, and a spectrum that differs from that of convectively coupled equatorial waves (Wheeler and Kiladis 1999) .
A number of theories exist about the mechanism responsible for the MJO. Hayashi and Sumi (1986) investigated the possible generation of an intraseasonal oscillation by using an "aquaplanet" general circulation model with wave-CISK (Conditional Instability of the Second Kind). They showed that a 30-day oscillation appeared in the model and regarded the oscillation as a new type of equatorial mode caused by coupling between equatorial Kelvin and Rossby waves through wave-CISK. There are three major mechanisms related to the moisture process (Wang 2005): (1) interactions between convective heating and large-scale circulation such as wave-CISK (e.g. Lau and Peng 1987) , (2) wind-induced surface heat exchange (WISHE), and (3) frictional-induced moisture-convergence feedback (e.g. Wang and Rui 1990; Salby et al. 1994) .
Although it is important to realize that the energy source of the MJO be a diabatic process, there are some open questions on the relation between the moisture process and the resulting structure of the zonal wavenumber 1. Wang and Rui (1990) explained that a planetary scale Kelvin mode becomes unstable, and its phase speed becomes slower above a critical sea surface temperature (SST). Lau and Peng (1987) used only positive heating and explained the importance of an up-scale energy cascade that excites a planetary-scale Kelvin wave. The structure of intraseasonal variability that appeared in the model study (Hayashi and Sumi 1987; Lau and Lau 1986 ) may therefore be explained as being an intrinsic mode in the tropical atmosphere.
In the case of an intrinsic mode in a dry atmosphere, Tanaka and Seki (2013) used barotropic instability analysis to show that the Arctic Oscillation is an eigen-mode of the atmosphere. They used a three-dimensional (3D) spectral primitive equation model on a sphere to investigate the characteristics of the instability for the 3D basic state using a linear baroclinic model (LBM). The eigen-solutions of their LBM may be regarded as a generalized extension of the 3D normal modes for a motionless atmosphere to the modes for an arbitrary 3D climate basic state.
The expansion in Hough functions by Tanaka and Seki (2013) disregarded the gravity modes and used only the Rossby mode. However, as shown quantitatively by Tanaka and Yatagai (2000) , almost all divergent components in the atmosphere are contained in the gravity modes. Tanaka and Kung (1988) also calculated the energy spectrum of the First Global Atmospheric Research Program Global Experiment (FGGE) data by means of a 3D normal mode expansion and showed that the energy spectrum of the gravity modes, especially for Kelvin mode, is comparable to that of Rossby modes in baroclinic components.
In the mid to high latitudes, the potential vorticity dynamics dominates the velocity potential dynamics, so the divergent flow can be ignored. We may characterize this condition as the potential vorticity (PV) world. In contrast, the divergence of the wind field dominates the rotational flow of the atmosphere in low latitudes, as is apparent in the case of the MJO. We may characterize this condition as the velocity potential (VP) world. To study the MJO in this study, we attempt to peruse the dynamics of the VP world in low latitudes by constructing a new model that uses only the divergent wind field spanned by the gravity modes.
The purpose of this study is to investigate the large-scale dynamics of the MJO by performing a linear stability analysis with a non-zonal basic state in the VP world. We used a 3D spectral model with gravity modes to determine whether a tropical intraseasonal oscillation mode is an intrinsic mode of a large-scale dry atmosphere.
In Section 2, we describe the method of analysis and the dataset used in this study. The results of the linear stability analysis and the structure of the characteristic unstable mode are presented in Section 3. Finally, Section 4 summarizes the concluding remarks.
Method and experiment
A system of primitive equations with spherical coordinate of longitude λ, latitude θ, pressure p and time t may be reduced to three prognostic equations that describe horizontal motions and thermodynamics with three dependent variables U = (u, v, ϕ) T . Here, u and v are the zonal and meridional component of the horizontal wind, and ϕ is the deviation of the local isobaric geopotential from the global mean reference state. The superscript T denotes a transpose.
To obtain the 3D spectral primitive equation, the variable vector U is expanded in terms of 3D normal mode functions Π nlm (λ, θ, p) , which are defined by the tensor product of the vertical normal modes and the horizontal normal modes of Hough functions: ble mode corresponding to each eigen-value. The dimension less growth rate and frequency become dimensional form by using 2Ω as 4πν R and 2ν
]. Refer to Tanaka and Seki (2013) or Appendix of this paper for the details of the LBM and its solution method.
The dataset used for the basic state in this study is the mean climatic state for January determined from the monthly NCEP/ NCAR reanalysis from 1981 to 2010. These data contain horizontal wind speeds (u, v) and geopotential ϕ, defined at grid points of every 2.5° of longitude by 2.5° of latitude at 17 pressure levels from 1000 to 10 hPa.
Results
Figure 1 plots the spectrum of the eigen-values obtained from the solution of the LBM using only the gravity modes. The upper figure displays the spectrum of all solutions, and the lower figure displays that in the frequency range ±0.3 day −1 to elucidate the characteristics of the spectrum at low frequencies. The 3D structure of each eigen-mode can be computed with the associated eigen-vector.
According to the results, most of the unstable modes are associated with high frequencies, and the highest frequency is about 21.0 day −1 for the model resolution in this study. Although standing modes (frequency is zero) are absent, there are unstable modes with frequencies lower than those of convectively coupled equatorial waves. Figure 2 shows the spectrum of unstable modes in the zonal wavenumber-frequency domain. A representative zonal wavenumber (n r ) is calculated as the mean zonal wavenumber weighted by the energy of individual components as follows:
( 1) where n is zonal wavenumber, l is meridional index, and m is vertical index. These indices are truncated at N, L and M, and K = (2N + 1)(L + 1)(M + 1).
Because of the orthonormality of Π nlm , expansion coefficients w nlm (t ) may be obtained from U by the inner product, defined by the mass integral over the whole atmosphere domain.
m is defined for each vertical index, where g is the gravity acceleration, h m is an equivalent height for the vertical index m, and gh m is a phase speed of shallow water gravity waves. As a result of the expansion in Hough functions for meridional indices, Rossby modes and gravity modes are clearly separated.
By expanding the state variable vector in 3D normal mode functions, a system of 3D spectral primitive equations is derived in term of the spectral expansion coefficients as follow:
where τ is dimensionless time scaled by (2Ω)
, Ω is the angular speed of the Earth's rotation, σ i is the eigen-frequency of the Laplace's tidal equation, f i is the expansion coefficient of the external forcing of viscosity and diabetic heating rate. The triple subscripts have been shortened for simplicity (w i = w nlm ), and r ijk is the interaction coefficient for nonlinear wave-wave interactions calculated by the triple products of 3D normal mode functions. The important characteristic of r ijk is that the interaction coefficient only exists if the three zonal wavenumbers satisfy the triad n i = n j + n k . Because we are interested in equatorial phenomena and the divergence field in the VP world, we attempted to use only the gravity modes in this study.
The governing equation of the LBM is derived by linearizing the 3D spectral primitive equation in (2) (Tanaka and Kung 1989; Tanaka and Seki 2013) . To linearize the 3D spectral primitive equation, we introduced a perturbation method by using the notation w i for the time-independent 3D basic state and w i ′ for small perturbations superimposed on the basic state:
where k is used for the basic state, and i and j for perturbations. Because a negative zonal wavenumber represents the complex conjugate of the positive zonal wavenumber, (3) is rearranged in a matrix form for n i ≥ 0:
Here, B represents down-scale interactions, and C represents up-scale interactions of the basic state energy subject to the constraint that the three zonal wavenumbers satisfy the condition n i = n j + n k . We assume a complex wave type solution as [w R ,
T exp(ντ) in order to reduce (4) to the eigen-value problem, where ν is the complex eigen-value and [ξ, ζ ] T is the complex eigen-vector. The solution in the non-zonal basic state may be represented as:
Thus, it is obvious that the real part ν R and imaginary part ν I of the eigen-value represent dimensionless growth rate and frequency from (5). The eigenvector represents the structure of the unsta- . In the lower panel, the rhombus designates the MJO mode analyzed in this study.
where E n is the energy spectrum associated with zonal wavenumber n, and E the sum of all energies. In Fig. 2 , it is obvious that lower-frequency unstable modes have a planetary scale structure. The solid line represents an envelope of the lowest frequency unstable mode for each zonal wavenumber. The slope of the line represents a phase speed of the unstable modes about 28.6 m s −1 . We find that the unstable mode designated by the rhombuses in Fig. 1 (lower panel) and Fig. 2 has a structure similar to the MJO described in the next. We will refer to this unstable mode as the MJO mode. The frequency of the MJO mode is 0.08 day −1 (the period of the life cycle is ~12.5 days), the growth rate is 0.012 day −1 , and the representative wavenumber, n r , is about 1.3. Figure 3 shows the horizontal structure of divergence for the MJO mode in the lower troposphere (~853 hPa). This unstable mode has a life cycle because it is not a standing mode. We denote the phases of the life cycle by the angles 0°, 60°, 120° and 180°, in Figs. 3a, b, c, d , respectively. Note that the divergence has an opposite sign in Figs. 3d, a. Solid lines represent convergences, and broken lines represent divergences. There is a peak of divergence over the equatorial region, and the zonal structure represents wavenumber 1. This structure propagates eastward along the equator during the life cycle. Figure 4 shows the vertical structure of divergence (upper) and zonal wind (lower) averaged from 20°N to 20°S for the MJO mode. The phase of this structure corresponds to that of Fig. 3b . In the divergence field, a pair of positive and negative divergence in the upper and lower troposphere is apparent over the Indian Ocean to the West Pacific, and an inverted structure of a divergence and convergence is apparent over the central Pacific to South America. In the zonal wind field, there is a convergence by the easterly and westerly at about 80°E in the lower troposphere, which corresponds to the center of the convergence.
The boundary between the convergence and divergence is located at 500−600 hPa and upper tropospheric peak appears at 200−300 hPa. This vertical structure is similar to the structure of the MJO observed by Sperber (2003) , who used empirical orthog- Fig. 2 . Relationship between frequency and zonal wavenumber of unstable modes. The region corresponding to frequencies < 1.0 day −1 and zonal wavenumbers ≤ 12 is shown. Each wavenumber has been weighted by its energy. The solid line shows the envelope of the lowest-frequency unstable mode for each zonal wavenumber. The rhombus is the MJO mode designated by the same symbol as in Fig. 1 . Fig. 3 . The horizontal structure of the divergence of the MJO mode in the lower troposphere (~853 hPa) in the growth rate-frequency domain designated by the rhombus in Fig. 1 . The phases of the life cycle correspond to angles of 0°, 60°, 120° and 180°, in panels (a) to (d), respectively. The norm of the unstable mode is arbitrary. onal functions to analyze data during seven winters when strong MJO events occurred. However, the peak and boundary between the divergence and convergence are approximately 100 hPa lower than the observations by Kiladis et al. (2005) represented with a space-time spectral filter. They included all seasons, including the weak MJO events, and described the structure when the convection center appeared at 155°E. The structure of the MJO mode in this study is thus quite similar to the observed structure of the strong MJO events. Figure 5 shows the energy spectra of (a) zonal wavenumber, (b) vertical index, and (c) meridional index. The abscissa denotes each wavenumber or index, and the ordinate denotes the energy spectrum. The norm of the energy spectrum is arbitrary. Figure  5a shows that the peak of the energy spectrum occurs at the zonal wavenumber n = 1. The distribution of the energy spectrum is consistent with the result that n r ≈ 1.3 in Fig. 2 .
The vertical energy peak appears at the vertical index of m = 5 in Fig. 5b . This vertical mode has a structure that is opposite in sign in the upper and lower troposphere. The location of the vertical energy peak therefore represents the first baroclinic mode in the troposphere. A secondary energy peak also appears in the barotropic mode (m = 0). Tanaka and Kung (1988) showd, however, that the observed energy spectrum is smaller for the barotropic gravity mode than that for the baroclinic mode. Figure 5c shows the energy spectrum as a function of the meridional index for the vertical mode of m = 5. The energy peak is found for an eastward propagating mode with l = 1, which is Kelvin mode. Although the phase speed of the MJO mode is slightly smaller than the intrinsic Kelvin mode in the motionless atmosphere, the MJO mode in this study is regarded as an internal Kelvin mode of (n, m) = (1, 5), deformed by the interactions with the non-zonal basic state of the atmosphere.
Summary and discussions
In this study, we conducted a stability analysis for the MJO in the VP world by using a linear baroclinic model (LBM) derived from a 3D spectrum primitive equation spanned by gravity modes. The analysis was carried out for the basic state of a January climate under an inviscid adiabatic condition.
According to the linear stability analysis, some unstable modes appeared within a frequency range lower than that of convectively coupled equatorial waves. There was no standing mode in the solution. Interestingly, we found in the solution a characteristic unstable mode with a structure similar to that of the MJO, with a growth rate 0.012 day , a life cycle period of ~12.5 days, and a representative zonal wavenumber ~1.3.
The horizontal structure in the divergence of the MJO mode has a maximum value over the equatorial region, with a structure that corresponded to the zonal wavenumber 1. Apparent in the vertical structure of the MJO mode is a convergence in the lower troposphere and divergence in the upper troposphere, and the vertical profile of the zonal wind is consistent with that of the divergence. This structure propagated eastward with a phase speed of 28.6 m s −1 during its life cycle. Based on the analysis of the energy spectrum, the MJO mode has an energy peak at a vertical index of 5. This result indicates that the structure of the MJO mode is opposite in sign in the troposphere. At a vertical index of 5, the Kelvin mode has the largest energy spectrum in the meridional index domain. Although the phase speed of the MJO mode is slightly smaller than the intrinsic Kelvin mode in the motionless atmosphere, the MJO mode in this study is regarded as an internal Kelvin mode of (n, m) = (1, 5), deformed by the interactions with the non-zonal basic state of the atmosphere.
The MJO has been considered to be a result of coupling between convections and large-scale circulation, and it has been studied with a model that includes a moisture process and/or SST effects (e.g. Wang and Rui 1990; Salby et al. 1994) . In this study, however, we find an unstable mode that has a structure similar to that of the MJO in a dry atmosphere in the VP world, as a deformation of the internal Kelvin mode.
Because the second term on the right-hand side of (4) represents up-scale energy interactions, the corresponding interaction with the basic state (non-zonal component) that satisfies the zonal wavenumber triad is important for the formation of the MJO mode. We therefore consider the MJO mode to be an intrinsic unstable mode in the dry atmosphere. This unstable mode may be excited by systematic latent heating, surface moisture convergence, and effects associated with the SST and land and sea distributions.
However, the MJO mode simulated in this study is somewhat inconsistent with observations. For example, the frequency is larger than that of observations, and there are some unstable modes that have longer periods than the MJO mode with different vertical structures. It would be desirable to examine the effect of diabatic process on MJO mode. Moreover, the influence by the interactions with Rossby modes is an open question to be pursued as the future works.
